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Abstract−In directional solidification, compositional convection can be driven by an unstable density gradient in
the melt. In this paper convective instabilities in liquid and mushy layers during solidification of a horizontal binary
melt are analyzed by using the propagation theory. The self-similar stability equations are used to examine the boundary-
mode and mushy-layer-mode of convection. The effects of velocity conditions at the liquid-mush interface on the onset
of convection are discussed. The critical Darcy-Rayleigh number for the convection in the mushy layer decreases with
increasing the temperature of a cooled boundary.
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INTRODUCTION

In a binary solidification, a two-component melt is solidified from
a cooled boundary and its compositional profile develops with time
by solute injection or incorporation at a solid-liquid interface. Natu-
ral convection can occur both in an unstable compositional bound-
ary layer and in a mushy layer, resulting in freckles in solidified
alloys [1-4]. The dendritic mush is a region of solid-liquid mixed
phase formed between the melt and solid layers. The Darcy-Ray-
leigh number for the onset of convection in a mushy layer, defined
by Rm

*=gβm∆CΠH/(κν), is an important parameter in the study of
the channel formation [5-9].

In steady solidification models, in which the melt solidifies up-
wards with a constant velocity, Worster [6] analyzed two modes of
convection in binary alloys: the boundary-layer-mode and mushy-
layer-mode of instabilities. The convection in a mushy layer has
been studied theoretically using the steady solidification model [10-
13]. The stability of plume convection, which is an up-flow in the
mush, is studied by using the equations in the mush decoupled from
the liquid layer [8,14]. In time-dependent solidification models, in
which the mushy layer grows from a bottom boundary, Emms and
Fowler [9] studied the onset of convection in the mush using the
simplified model based on the quasi-static stability analysis. Chen
and Chen [5] experimentally determined the onset conditions of
plume convection for various bottom temperatures and estimated
the critical solute Rayleigh number across the mushy layer. The onset
of compositional convection during time-dependent solidification
was analyzed by the propagation theory [15-17].

The propagation theory [18-25] determines the critical conditions
for the onset of convection by using the thermal penetration depth
as a length scaling factor. Recently, Choi et al. [25] investigated the

temporal evolution of disturbances in a fluid layer heated from be-
low and predicted the onset of thermal instability, based on the growth
rates of the basic temperature field and its fluctuations. In this paper,
we study the critical conditions for the convection in the liquid and
mushy layers during binary solidification, applying the Beavers-
Joseph condition to the liquid adjacent to the liquid-mush interface
[26]. The time-dependent disturbance equations for the liquid and
mushy layers are transformed to the self-similar stability equations
by using a similarity variable [17]. The critical Darcy-Rayleigh num-
bers for the convection in the mushy layer are predicted as a func-
tion of the temperature of the bottom boundary in solidification of
aqueous ammonium chloride (NH4Cl-H2O) solution.

PROPAGATION THEORY

The governing equations for convection during solidification of
a binary melt are well established in previous studies [6,9]. Con-
sider the directional solidification system in which a mushy layer is
growing from below, as shown in Fig. 1. The supereutectic melt is

Fig. 1. Schematic diagram of liquid and mushy layers in directional
solidification system.
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initially quiescent at a constant temperature, T∞, and a constant solute
concentration, C∞. For time t≥0 the bottom boundary of the melt is
cooled at a constant temperature TB. The mushy layer grows above
a eutectic solid layer, and compositional convection of light resid-
ual liquid may be induced. When the temperature of the bottom
boundary is lower than the eutectic temperature, TE, the bottom bound-
ary of the mush is assumed to be at the eutectic temperature, TE,
and the eutectic composition, CE. The position of the mush-liquid
interface H(=2λ ) is moving upward, where λ is the phase-
change rate of the mushy layer and κ is the thermal diffusivity. In the
mushy layer the liquidus temperature TL is given by

TL−TL(C∞)=Γ (C−C∞), (1)

where Γ is the slope of the liquidus curve. The schematic phase di-
agram of a binary melt is shown in Fig. 2, which is similar to the
system of aqueous ammonium chloride solution.

The non-dimensional disturbance equations for the liquid layer,
derived from linear stability theory, are given in Hwang and Choi
[17]:

(2)

(3)

(4)

The non-dimensional disturbance equations for the mushy layer
are

(5)

(6)

(7)

where w is the vertical velocity component, x and y are the horizon-
tal coordinates, and τ is the time. The distances have been scaled
with an arbitrary length L, the time with L2/κ, and the velocity with

κ/L. The depth of a binary melt is usually chosen as the length scale
L. However, in the present system the liquid layer is assumed to be
semi-infinite and the length scale L is defined as an arbitrary one.
The temperature and concentration are defined by θ=(T−TL(C∞))/
∆T and c=(C−C∞)/∆C, respectively, where ∆T=Γ∆T=TL(C∞)−TE

and ∆C=C∞−CE. In the liquid layer, the perturbed temperature θ1

has the scale of κν/(gαL3), and c1 has the scale of κν/(gβL3). In
the mushy layer, the perturbed quantities θm1, wm1, and χ1 have the
scale of κνΓ/(gβmL3), Πκ/L3, and κν/(gβm∆CL3), respectively. The
porosity profile in the mushy layer is given by χ0=(γ−θi)/(γ −θm0).
The dimensionless parameter, Le, is the Lewis number (=D/κ), and
Pr is the Prandtl number (=ν/κ), where D is the solute diffusivity,
and ν is the kinematic viscosity. The thermal Rayleigh number is
defined by RT=(gα∆TL3)/κν, and the solutal Rayleigh number is
defined by RS=gβ∆CL3/κν, where g denotes the gravity accelera-
tion, α and β and are the thermal and solutal expansion coefficients,
respectively. The Darcy-Rayleigh number is defined by Rm=gβm∆C
ΠL/(κν), where Π denotes the permeability of the mushy layer,
assumed to be constant, and βm=β−αΓ. The parameter St is the Stefan
number (= /(CP∆T)) and γ is the concentration ratio (=(Cs−C∞)/
∆C), where  denotes the latent heat of fusion, CP the specific heat,
and Cs the solute concentration in solid.

In propagation theory, the thermal or compositional penetration
depth is used as a length scaling factor, and self-similarity is applied
to the time-dependent disturbance equations. In this study the pen-
etration depth (∝τ1/2) and the mushy-layer thickness h=2λτ1/2 are
proportional to τ1/2, where λ is constant. For the self-similar trans-
form the velocity disturbance w1 in the liquid layer is rescaled with
a time-dependent factor h2(∝τ), based on a scaling analysis [15].
The time-dependent disturbance equations are transformed to func-
tions of a similarity variable ζ(=z/h=z/(2λτ1/2)) by using the mushy-
layer thickness as a length scaling factor. The self-similar stability
equations in the liquid layer are given by [17]

(8)

(9)

(10)

In the mushy layer the self-similar stability equations are given by

(11)

(12)

(13)

where  represents d/dζ and a* is the horizontal wave number. The
vertical velocity disturbances w* and wm

* have the scale of κH2/L3

and κΠ/L3, respectively. The Darcy-Rayleigh number Rm
*(=Rmh)

based on the mushy layer thickness H is defined by

(14)

The Darcy number Π * is defined by Π/H2 and A(=Γα/βm) is the
buoyancy ratio.

In the liquid layer, the basic-state temperature and concentration
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Fig. 2. Schematic phase diagram of binary melt.
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fields are given by θ0=θ∞+(θi−θ∞)erfc(λζ )/erfc(λ) and c0=θierfc(λζ/
/erfc(λ/ ), respectively, where θi(=(Ti−TL(C∞))/∆T) is the

temperature at the liquid-mush interface, and θ∞(=(T∞−TL(C∞))/∆T)
is the superheat. In the mushy layer, the basic-state equation and
the boundary conditions are given by 

(15)

 at ζ=1, (16a,b)

θm0=−1 at ζ=0. (17)

The following boundary conditions are applied to the self-similar
stability equations:

for ζ→∞
(18a-d)

at ζ=1

(19a,b)

(20)

(21)

(22a,b)

(23 or 24)

(25)

at ζ=0
θm

*=0, wm
*=0, (26a,b)

where h*(=−Π *θm
*/(Rm

* θm0) represents the perturbation to the po-
sition of the liquid-mush interface. Eq. (23) represents the Beavers-
Joseph condition [26], and the constant B depends on experimental
parameters, ranging from 0.1 to 4, and when the average pore size
is large, the value of B is small [27]. In Hwang and Choi’s [17] work
the no-slip condition (24) is applied to the liquid adjacent to the liquid-
mush interface. The Beavers-Joseph condition, which includes slip
velocity at the liquid-mush interface, is a less restrictive condition
than the no-slip condition. The shooting method is employed to solve
the self-similar stability equations. The integration is performed from
the liquid-mush interface to the bottom boundary and the fictitious
distance satisfying the infinite boundary conditions.

RESULTS AND DISCUSSION

In this work, the stability criteria for Π *=10−5 and Pr=10 are in-
vestigated. The stabilizing thermal buoyancy is not considered by
assuming A→0. The marginal stability curves for St=5, γ=20, θ∞=
0.8 and Le=0.013 are shown in Fig. 3 when the Beavers-Joseph
condition (23) is applied to the liquid-mush interface. These param-
eters represent experiments of solidification of aqueous ammonium

chloride solution. The marginal stability curves using the no-slip
( w*=0) and free conditions ( w*=0) at the liquid-mush inter-
face are also shown. The minimum values of the Darcy-Rayleigh
number Rm

* determine the critical conditions for the onset of con-
vection in liquid and mushy layers. The curves have two mini-
mum points except the curve derived by using the free condition.
These two minima correspond to two modes of instability: a bound-
ary-layer mode with a smaller wavelength comparable to the com-
positional boundary-layer thickness above the mush, and a mushy-
layer mode with a large wavelength comparable to the mushy-layer
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Fig. 3. Marginal stability curves using Beavers-Joseph condition
for St=5, γ =20, θ∞=0.8 and Le=0.013.

Fig. 4. Marginal stability curves using no-slip and free conditions
for St=5, γ =20, θ∞=0.5 and Le=0.005.
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thickness. It is seen from Fig. 3 that the critical Darcy-Rayleigh num-
ber R*

m, c decreases with decreasing the value of a constant B, and
therefore the inclusion of slip velocity at the liquid-mush interface
destabilizes the binary melt in directional solidification. Lu and Chen
[12] performed a linear stability analysis of steady solidification
using the Beavers-Joseph condition with B=0.1. In Fig. 4 the mar-
ginal stability curves for the mushy-layer-mode of convection are
shown for St=5, γ=20, θ∞=0.5 and Le=0.005. The no-slip condi-
tion leads to a smaller increase of the critical Darcy-Rayleigh num-
ber than the free condition. The Beavers-Joseph condition is more
appropriate for the boundary-layer mode of convection, compared
with the restrictive no-slip condition.

For the mushy-layer-mode of instability in the case of Le→0,
the no-slip condition ( w*=0) is applied to the liquid-mush inter-
face. In this case, the critical Darcy-Rayleigh number and wave num-
ber are found to be R*

m, c and ac
*=1.60 for St=5, γ=20, θ∞=0.5. When

the perturbation of the liquid-mush interface conditions is not con-

sidered, conditions (21) and (22b) are converted into θ*=A θm
*

and χ*=0, respectively, and the critical values for St=5, γ=20, θ∞=
0.5 are R*

m, c=10.8 and ac
*=1.57 (from Hwang and Choi [23]). The

perturbed interface conditions lead to an increase of the critical values,
but their effects on the convective instability are very small. In the
limit of Le→0, we found R*

m, c- and a*
c-values for experimental pa-

rameters of Chen and Chen [5], as shown in Fig. 5. The Lewis num-
ber has the order of 10−2 for aqueous ammonium chloride solution.
For a small Lewis number mushy-layer-mode convection predom-
inates, as discussed by Worster [6]. Chen and Chen [5] observed
plume convection in 26% ammonium chloride-water solution when
the temperature of the bottom boundary TB is lower than 12 oC. The
eutectic temperature is −15.4 oC, and for C∞=26% the liquidus tem-
perature TL(C∞) is 15 oC. When the temperature difference is defined
by ∆T=Γ∆C=TL(C∞)−TB, the present R*

m, c ranges from 7.6 to 15.1
for 0.206≤θ∞≤2.4 or −31.5 oC≤TB≤11 oC; the range of St is 3.18≤
St≤24.2 and the range of γ is 11.6≤γ ≤87.9. The superheat (or the
initial temperature of the melt) θ∞ increases as the temperature of
the bottom boundary TB increases. As shown in Fig. 5, the critical
Darcy-Rayleigh number decreases with increasing θ∞, and there-
fore θ∞ has a stabilizing effect. When TB (or θ∞) is high, the phase
change rate λ of the mushy layer is small. Fig. 6 shows that R*

m, c

decreases with decreasing λ or increasing TB. Chen and Chen [5]
estimated the critical solute Rayleigh number across the mush RmS

(=gβm∆CΠH/Dν) for the onset of plume convection to be between
200 and 250. The relation between Rm

* and RmS is Rm
*/RmS≈O(10−2)

since D/κ≈O(10−2).
Based on Amberg and Homsy’s [8] model, in which a mushy

layer is confined between two isothermal boundaries, we examine
the convective instabilities within the mushy layer. The liquid-mush
interface is the upper boundary and the cooled boundary is the lower
one. We consider the case of St=0, simplifying the numerical cal-
culations and focusing on the effect of λ. Then Eqs. (11)-(13) for
the mushy layer reduce to

(27)

D

D D

D2
 + 2λ2ζD − a*2( )θm

*
 = Rm

* wm
* Dθm0,

Fig. 5. Critical Darcy-Rayleigh number R*
m, c and critical wave num-

ber ac* as a function of θ∞ for 26% NH4Cl-H2O solution.

Fig. 6. Effects of (a) λ and (b) TB on critical Darcy-Rayleigh number R*
m, c for 26% NH4Cl-H2O solution.
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(28)

The boundary conditions at the liquid-mush interface are modified
to be θm

*=0, wm
*=0 and χ*=0 at ζ=1. The equation wm

*=0 is the
constant-pressure boundary condition, which was used by Chung
and Chen [14], and Govendor [28]. The boundary conditions at the
mush-solid interface are the same as Eqs. (26a) and (26b). Amberg
and Homsy [8], and Anderson and Worster [11] used wm

*=0 instead
of wm

*=0 at ζ=1, assuming the liquid-mush interface to be rigid
and impermeable. A detailed discussion of a permeable liquid-mush
interface is found in Roper et al. [13]. The phase-change rate, λ,
plays an important role in the convective instabilities of the mushy
layer in time-dependent solidification. For a large λ (>3) the criti-
cal values are found to be directly proportional to λ: R*

m, c=25.9λ
and ac

*=1.80λ. For λ=0.01, the critical values are found to be R*
m, c=

27.098 and ac
*=2.326. For λ→0, the present predictions approach

the results of the stability analysis of the horizontal porous layer
with a linear temperature gradient [27].

CONCLUSION

We have investigated theoretically the onset of compositional
convection in directional solidification systems, where the mushy
layer is growing from below. We have found the critical conditions
using the self-similar stability equations for the liquid and mushy
layers, based on the propagation theory. The no-slip condition ap-
plied to the liquid-mush interface suppresses the onset of convec-
tion, compared with the Beavers-Joseph condition which is appro-
priate for the boundary-mode of convection. When the Lewis num-
ber goes zero, the critical conditions for the mushy-layer-mode of
convection are found for experiments of 26% ammonium chloride-
water solution. The critical Darcy-Rayleigh number decreases with
increasing the temperature of the bottom boundary or with decreas-
ing the phase-change rate of the mushy layer. The propagation the-
ory we have developed produces reasonable stability criteria for
the onset of natural convection in directional solidification of a binary
melt.
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